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, SO(2) SO(3)







,- . $x_{1},$ $\cdots,$ $x_{N}$ $\mathrm{R}^{3}$
, $m_{1},$ $\cdots,$ $m_{N}$ . ,
$x=$ ( $x_{1},$ $\cdots,$ $x$N) , .
$N$ $M$ :
$M=\{x=(x_{1}, \cdot\cdot \mathrm{t}, x_{N})|x_{j}\in \mathrm{R}^{3},$ $\sum_{j=1}^{N}$ $mjxj=0\}$ (2.1)
, $F_{x}$





, $F_{x}$. $\dim F_{x}$ , $M$ 4 :
$M=\cup^{3}M_{k}k=0$ , $M_{k}:=\{x\in M|\dim F_{x}=k\}$ . (2.3)
, SO(3) , $M$
. $g\in SO$ (3) $x\in M$ ,
$\Phi,(x)=gx=(gx_{1}, \cdots, goe_{N})$ (2.4)
. $x\in M$ SO (3) $\mathcal{O}_{x}=\{gx\in M|g\in SO(3)\}$ , $x$
SO(3) $G_{x}=\{g\in SO(3)|gx=x\}$ , 3
:
$\mathcal{O}_{x}\cong SO(3)/G_{x}\cong\{$
SO(3) for $x\in M_{2}\cup M_{3}$ ,
$S^{2}$ for $x\in M_{1}$ ,
{0} for $x\in M_{0}$ .
(2.5)
,
$M=\dot{M}\cup M1$ $M_{0}$ , $\dot{M}:=M_{2}\cup M_{3}$ (2.6)
3 . $\dot{M}$ .
2 $M_{1}$ $M_{0}$ ,
SO(2) $SO$ (3) . , $\pi$ : $Marrow M/SO(3)$
, [1] :
$\dot{M}arrow\dot{M}/SO(3)$ , $M_{1}arrow M_{1}/SO(3)$ , $M_{0}arrow M_{0}/SO(3)$ . (2.7)
, , , SO(3)
. , $M/SO$ (3) .
, $r_{j}$
$r_{j}=( \frac{1}{\mu_{j}}+\frac{1}{m_{j+1}})^{-1/2}(x_{j+1}-\frac{1}{\mu_{j}}\sum_{i=1}^{j}m_{i}x_{i})$ : $j=1,$ $\cdot\cdot 1$ , $N-1$ (2.8)
. , $\mu_{j}=\sum_{i=1}^{j}m$i . $N$ $\mathrm{R}^{3(N-1)}$ ,
$N-1$ :
$M\cong\{x=(r_{1}, \cdots, r_{N-1})|rj\in \mathrm{R}^{3}, j=1, \cdots, N-1\}$ . (2.9)
, $A_{x}$ : $\mathrm{R}^{3}arrow \mathrm{R}^{3}$
$A_{x}(v)= \sum_{j=1}^{N-1}r_{j}\mathrm{x}(v\cross r_{j})$ , $v\in \mathrm{R}^{3}$ , (2.10)
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, $x\in\dot{M}$ $\omega_{x}$ : $T_{x}(\dot{M})arrow so$(3)
(2.11)$\omega_{x}=R(A_{x}^{-1}(\sum_{j=1}^{N-1}r_{j}\mathrm{x}dr_{j}))$
. , $R$ $R:\mathrm{R}^{3}arrow so$ (3) . $\omega_{x}$ $\dot{M}$
$T_{x}(\dot{M})$ :
$T_{x}(\dot{M})=V_{x}\oplus H_{x}$ . (2.12)
, $V_{x}:=T_{x}$ (Ox) , $H_{x}:=\mathrm{k}\mathrm{e}\mathrm{r}\omega$x . , $V_{x}$ ( )
, $H_{x}$ ( ) . , 2 $V_{x}$ $H_{x}$ ,
$ds^{2}$
$= \sum_{j=1}^{N-1}d$rj. $drj$ (2.13)
.
, $\dot{M}$ . $U$
$\dot{M}/SO$ (3) , $\sigma$ : $Uarrow\dot{M}$ $U$ ,
$\pi^{-1}$ (U) $x$
$x=g\sigma(q)=(g\sigma_{1}, \cdots, g\sigma_{N-1})$ , $q\in U,$ $g\in SO(3)$ (2.14)
. $g\in SO$ (3) $(\phi, \theta, \psi)$ , $q=(q^{1}, \cdots, q^{3N-6})$ ,
$(q, g)$ $\dot{M}$ . , $\omega_{x}$
$\omega_{g\sigma}(q)=d_{\mathit{9}g}^{-1}+g\omega_{\sigma(q)}g^{-1}=g(g^{-1}dg+\omega_{\sigma(q)})g^{-1}$ (2.15)
. ,
(2.16)$\omega_{\sigma}$(q) $:=R(A_{\sigma(q)}^{-1}$ ($\sum_{j=1}^{N-1}\sigma$j(q) $\mathrm{x}d\sigma_{j}(q)$) $)$
. , $\Lambda_{\alpha}^{a}$ (q) :
$\omega$(7(q) $= \sum_{a=1}^{33}\sum_{\alpha=1}^{N-6}\Lambda_{\alpha}^{a}(q)dq^{\alpha}R(e_{a})$. (2.17)
, $e_{a},$ $a=1,2$ , $3$ $\mathrm{R}^{3}$ . , ua=ge ,
$\omega_{x}$
$\omega_{g\sigma(q)}=\sum_{a=1}^{3}\mathrm{O}$-a $R$(ua), $\Theta^{a}:=\Psi^{a}+\sum_{\alpha=1}^{3N-6}\Lambda_{\alpha}^{a}(q)dq^{\alpha}$ (2.18)
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. $\Psi^{a}$
$g^{-1}dg= \sum_{a=1}^{3}\Psi^{a}$R(e$a$ ) (2.19)
SO(3) 1- .
$U$ $\frac{\partial}{\partial q^{\alpha}}$ $( \frac{\partial}{\partial q^{\alpha}})^{*}$ ,
$\pi_{*}\{$$\omega_{g\sigma(q)}((\frac{\partial}{\partial q^{\alpha}})^{*})=0$ , (2.20)$( \frac{\partial}{\partial q^{\alpha}})^{*})=\frac{\partial}{\partial q^{\alpha}}$
. SO(3) K ,
$( \frac{\partial}{\partial q^{\alpha}})^{*}$
$( \frac{\partial}{\partial q^{\alpha}})^{*}=\frac{\partial}{\partial q^{\alpha}}-\sum_{a=1}^{3}\Lambda_{\alpha}^{a}\mathrm{G}\mathrm{h}$ , $\alpha=1,2,$ $\cdots$ , $3N-6$ (2.21)
. , SO(3) K , $\Psi^{a}$ :
$\Psi^{a}(K_{b})=\delta_{b}^{a}$ , $a,$ $b=1,2,3$ . (2.22)
, 1- $dq^{\alpha},$ $\Theta a$ $( \frac{\partial}{\partial q^{\alpha}})^{*}$ , K
$dq^{\alpha}\{$
$\ominus^{a}$
$( \frac{\partial}{\partial q^{\beta}})^{*})=\delta_{\beta}^{\alpha}$ , $dq^{\alpha}(K_{a})=0$ ,
(2.23)
$(( \frac{\partial}{\partial q^{\beta}})^{*})=0$ , $\Theta^{a}(K_{b})=\delta_{b}^{a}$ .
, , $\pi^{-1}(U)\cong U\mathrm{x}SO$(3) 1- .
, (2.12) , $dq^{\alpha},$ $\ominus a$
$ds^{2}= \sum_{\alpha,\beta}a_{\alpha\beta}d^{\alpha}qd^{\beta}q+\sum_{a,b}A_{ab}\ominus^{a}\Theta^{b}$
(2.24)
. , $a_{\alpha\beta}$ A










, $(q, g)\in\pi^{-1}$ (U) $\dot{M}$ , $(\dot{q}, j)\in T_{\sigma(q)}(\pi^{-1}(U))$




, $(q, g,\dot{q}, \Pi)$ $T\dot{M}$ . ,
$\xi=g^{-1}\dot{g}$ , $\Lambda_{\alpha}=\sum_{a}\Lambda_{\alpha}^{a}(q)R(e_{a})$ (3.2)
. , $L$ (q, $g,\dot{q},$ $\Pi$ ) .
,
$\delta$q(ti) $=0$ , $\delta$g(t$i$ ) $=0$ , $i=1,2$ (3.3)
$\delta\int_{t_{1}}^{t_{2}}L(q, g,\dot{q}, \Pi)dt=0$ (3.4)
, - $L$
$\delta L=\sum_{\alpha}\frac{\partial L}{\partial q^{\alpha}}\delta$ q$\alpha+\sum_{\alpha}\frac{\partial L}{\partial\dot{q}^{\alpha}}\delta C+\langle\frac{\partial L}{\partial g},$ $\delta g)+\langle\frac{\partial L}{\partial\Pi},$ $\delta\Pi\rangle$ (3.5)
. , $\langle A, B\rangle:=\mathrm{t}\mathrm{r}$ (ATB) . , so(3)-
$\delta\Pi=[\xi, g^{-1}\delta g]+\sum_{\alpha,\beta}(\frac{\partial\Lambda_{\beta}}{\partial q^{\alpha}}-\frac{\partial\Lambda_{\alpha}}{\partial q^{\beta}})\dot{q}^{\beta}\delta^{\alpha}q+\frac{d}{dt}(g^{-1}\delta g)+\frac{d}{dt}(\sum_{\alpha}\Lambda_{\alpha}\delta q\alpha)$ (3.6)
. , –
$\frac{d}{dt}(\frac{\partial L}{\partial\dot{q}^{\alpha}})-\frac{\partial L}{\partial q^{\alpha}}$
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$= \{\frac{\partial L}{\partial\Pi}$ , $\sum_{\beta}K_{\alpha\beta\dot{q}}^{\beta}\rangle-\langle\frac{\partial L}{\partial\Pi},$ $[ \Pi, \Lambda_{\alpha}]\rangle-\frac{1}{2}\{g^{-1}\frac{\partial L}{\partial g}-(\frac{\partial L}{\partial g})^{T}g,$ $\Lambda_{\alpha}\rangle$ , (3.7a)
$\frac{d}{dt}(\frac{\partial L}{\partial\Pi})=[\frac{\partial L}{\partial\Pi},$
$\Pi]-\sum_{\beta}[\frac{\partial L}{\partial\Pi},$
$\Lambda_{\beta}]\dot{q}^{\beta}+\frac{1}{2}(g^{-1}\frac{\partial L}{\partial g}-(\frac{\partial L}{\partial g})^{T}g)$ (3.7b)
. , $K_{\alpha\beta}$ :
$K_{\alpha\beta}:= \frac{\partial\Lambda_{\beta}}{\partial q^{\alpha}}-\frac{\partial\Lambda_{\alpha}}{\partial q^{\beta}}-[\Lambda_{\alpha}, \Lambda_{\beta}]$ . (3.8)
, – ,
. , $U\cap U’\neq\emptyset$ $U’\subset\dot{M}/SO$(3) ,
$\sigma’$ : $U’arrow\dot{M}$ . , $q\in U\cap U’$ , $\sigma’(q)=h(q)\sigma(q)$
$h(q)\in SO$ (3) . , ,
:
$A_{\sigma’(q)}=h(q)A_{\sigma(q)}h^{-1}(q)$ , $\Pi’=h(q)\Pi h^{-1}(q)$ ,
$K_{\alpha\beta}’=h(q)K_{\alpha\beta}h^{-1}(q)$ , $\frac{\partial L’}{\partial\Pi},$ $=h(q) \frac{\partial L}{\partial\Pi}h^{-1}(q)$ , etc.
$\Lambda_{\alpha}’(q)=\frac{\partial h}{\partial q^{\alpha}}(q)h^{-1}(q)+h(q)\Lambda_{\alpha}(q)h^{-1}(q)$ , etc.
, -
.
, $L$ SO(3)- :
$L(q, f\iota g,\dot{q}, \Pi)=L(q, g,\dot{q}, \Pi)$ , $\forall h\in SO(3)$ . (3.9)
, . $h=$ $t=0$
,
$\frac{d}{dt}$ L(q, $\dot{q}$ , $e^{t\eta}g,$ $\Pi$ ) $|_{t=0}= \langle\frac{\partial L}{\partial g},$ $\eta$g $\rangle=\frac{1}{2}\{\frac{\partial L}{\partial g}g^{-1}-g(\frac{\partial L}{\partial g})^{T},$$\eta\rangle=0$ (3.10)
. , $\eta\in \mathrm{s}\mathrm{o}(3)$ , SO(3)-
,
$g^{-1} \frac{\partial L}{\partial g}-(\frac{\partial L}{\partial g})^{T}g=0$ (3.11)
. , $L$ ,
$T\dot{M}/SO(3)\cong T(\dot{M}/SO(3))\oplus\tilde{\mathcal{G}}$ (3.12)
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$\mathcal{G}$ . , (3.7) , (3.11) ,
$T(\dot{M}/SO(3))\oplus\tilde{\mathcal{G}}$




. , (3.13b) $1\mathrm{h}$ $\frac{d}{dt}\frac{\partial L^{*}}{\partial\Pi}=[\frac{\partial L^{*}}{\partial\Pi},$ $\xi$] ,
$\frac{d}{dt}(g\frac{\partial L^{*}}{\partial\Pi}g^{-1})=0$ (3.14)
. , $g \frac{\partial L^{*}}{\partial\Pi}g^{-1}$ .
1 - (3.7) ,
. , SO(3)- ,
– $T(\dot{M}/SO(3))\oplus\overline{\mathcal{G}}$ (3.13)
. , $g \frac{\partial L^{*}}{\partial\Pi}g^{-1}$ .
(2.24) , SO(3)-
$L^{*}$
$(q, \dot{q}, \Pi)=\frac{1}{2}\sum_{\alpha,\beta}a_{\alpha\beta}\dot{q}^{\alpha}\dot{q}^{\beta}+\frac{1}{4}\langle\Pi, RA_{\sigma(q)}R^{-1}\Pi\rangle-V(q)$ (3.15)
. , , $q$
$V$ (q) . ,
(3.16a)
$\frac{d}{dt}\dot{q}^{\alpha}+\sum_{\beta,\gamma}\Gamma_{\beta\gamma}^{\alpha}\dot{q}^{\beta}\dot{q}^{\gamma}+\sum_{\beta}a^{\alpha\beta}\frac{\partial V}{\partial q^{\beta}}$
$= \sum_{\beta,\gamma}a^{\alpha\beta}$ ($A\pi$ . $\kappa_{\beta\gamma}\dot{q}^{\gamma}+\frac{1}{2}\pi$ . ( $\frac{\partial A}{\partial q^{\beta}}-$ $[\Lambda_{\beta}, A]$) $\pi$),
$\frac{d}{dt}$ (A$\pi$ ) $=A \pi \mathrm{x}\pi-\sum_{\alpha}A\pi \mathrm{x}\lambda_{\alpha}\dot{q}^{\alpha}$ (3.16b)
. , $\pi,$ $\lambda_{\beta},$ $\kappa_{\alpha\beta}$
$=R$(\pi ), $\Lambda_{\beta}=R(\lambda_{\beta})$ , $K_{\alpha\beta}=R(\kappa_{\alpha\beta})$ (3.17)
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. , $\Gamma_{\beta\gamma}^{\alpha}$ $a_{\alpha\beta}$ :
$\Gamma_{\beta\gamma}^{\alpha}:=\frac{1}{2}\sum_{\delta}a^{\alpha\delta}(\frac{\partial a_{\delta\gamma}}{\partial q^{\beta}}+\frac{\partial a_{\delta\beta}}{\partial q^{\gamma}}-\frac{\partial a_{\beta\gamma}}{\partial q^{\delta}})$ (3.18)
, (a\mbox{\boldmath $\alpha$}\beta )=(a \beta )-l . , $g \frac{\partial L^{*}}{\partial\Pi}g^{-1}$ $\frac{1}{2}$
:











, $M_{1}/SO$ (3) . $\tilde{U}$ $M_{1}/SO$ (3) , $\overline{\sigma}$ : $\tilde{U}arrow$
$M_{1}$
$\tilde{U}$ :
$\tilde{\sigma}(\zeta)=(\zeta^{1}e_{3},$ $\cdot\cdot(, \zeta^{N-1}e_{3}),$ $\zeta=(\zeta^{\alpha})\in\tilde{U}$ . (3.23)
, $\pi^{-1}$ (U) $x$
$x=g\tilde{\sigma}(\zeta)=((^{1}ge_{3}, \cdots, \zeta^{N-1}ge_{3}),$ $g\in SO(3)$ (3.24)
. , $g$ $(\phi, \theta, \psi)$ $g=e^{\phi R(\mathrm{e}\mathrm{s})}e^{\theta R(e_{2})}e^{\psi R(\epsilon_{3})}$
, 1 $\psi$ . , $x$ $(\theta, \phi, \zeta^{1}, \cdots, \zeta^{N-1})$
. , $g=e^{\phi R(e\mathrm{s})}e^{\theta R(e\mathrm{s})}$ .
$\tilde{K}_{1}=-\frac{1}{\sin\theta}\frac{\partial}{\partial\phi}$, $\tilde{K}_{2}=\frac{\partial}{\partial\theta}$ (3.25)
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SO(3) , $M_{1}$ . , $M_{1}$
$\tilde{ds}^{2}$
$ds^{2}= \sum_{\alpha=1}^{N-1}-(\zeta^{\alpha})2$ ($\sin\theta$d$\phi^{2}+d\theta^{2}$ ) $+ \sum_{\alpha=1}^{N-1}$ (d$\zeta$’) $2$ (3.26)
. ,
$ds^{2}$ ( $\tilde{K}_{a},\tilde{K}_{b})=\sum_{\alpha=1}^{N-1}(\zeta’)^{2}\delta_{ab}$ , $a,$ $b=1,2$ , (3.27a)
$ds^{2}(\tilde{K}_{a},$ $\frac{\partial}{\partial\zeta^{\alpha}})=0$ , $a=1,2$ , $\alpha=1,$ $\cdot\cdot 1$ , $N-1$ , (3.27b)
$ds^{2}( \frac{\partial}{\partial\zeta^{\alpha}},$ $\frac{\partial}{\partial\zeta^{\beta}})=\delta$
0$\beta$
: $\alpha$ , $\beta=1,$ $\cdots$ , $N-1$ (3.27c)
, $\frac{\partial}{\partial(^{\alpha}}$ , $\alpha=1,$ $\cdot\cdot \mathrm{t}$ , $N-1$ .





. , $(\zeta, u,\dot{\zeta}, \Pi)\sim$ $TM_{1}$ .
, , –
$\frac{d}{dt}(\frac{\partial L}{\partial\dot{\zeta}^{\alpha}})-\frac{\partial L}{\partial\zeta^{\alpha}}=0$ , (3.30a)
$\tilde{P}(\frac{d}{dt}\frac{\partial L}{\partial\overline{\Pi}}-\{$ (3.30b)$\tilde{P}(\frac{\partial L}{\partial\overline{\Pi}}),\tilde{\xi}$] $- \frac{1}{2}R(g^{-1}\frac{\partial L}{\partial u}))=0$,
(3.30c)$[ \overline{P}(\frac{\partial L}{\partial^{-}\Pi}),$ $\Pi-]=0$
. , $P=I-e_{3}e_{3}^{T}$ , $\overline{P}$ $\tilde{P}R=RP$ .
, $L$ SO(3\succ T :
$L(\zeta, e^{tR(a)}u,\dot{\zeta},\tilde{\Pi})=L(\zeta, u,\dot{\zeta},\overline{\Pi})$ for all $R(a)\in$ s0(3). (3.31)
, . $t=0$ ,
$\frac{d}{dt}L(\zeta, e^{t}" a)_{u,\dot{\zeta}}$, $\tilde{\Pi})$ $|_{\mathrm{t}=0}=R(a)u \cdot\frac{\partial L}{\partial u}=a1(u\mathrm{x}\frac{\partial L}{\partial u})=0$ (3.32)
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, $a\in \mathrm{R}^{3}$ ,
$u \mathrm{x}\frac{\partial L}{\partial u}=(ge_{3})\cross(gg^{-1}\frac{\partial L}{\partial u})=g(e_{3}\mathrm{x}g^{-1}\frac{\partial L}{\partial u})=0$ . (3.33)
, SO(3)- ,
(3.34)$\tilde{P}(R(g^{-1}\frac{\partial L}{\partial u}))=0$
. , $L$ ,
$TM_{1}/SO(3)\cong T(M_{1}/SO(3))\oplus\overline{\mathcal{G}}_{1}$ (3.35)
$L^{*}$ $(\zeta, \zeta.,\tilde{\Pi})$ . , $\overline{\mathcal{G}}_{1}$ $M_{1}/SO$ (3)
. , (3.30) , (3.34) , $T(M_{1}/SO(3))\oplus\tilde{\mathcal{G}}_{1}$
$\frac{d}{dt}(\frac{\partial L^{*}}{\partial\dot{\zeta}^{\alpha}})-\frac{\partial L^{*}}{\partial\zeta^{\alpha}}=0$ , (3.36a)
$\tilde{P}(\frac{d}{dt}\frac{\partial L^{*}}{\partial\Pi-}$ $-\{$ (3.36b)$\overline{P}(\frac{\partial L^{*}}{\partial\overline{\Pi}})$ , $\tilde{\xi}])=0$ ,
(3.36c)$[ \tilde{P}(\frac{\partial L^{*}}{\partial\Pi\sim}),\overline{\Pi}]=0$
. , (3.36b) , (3.36c) ,
$\frac{d}{dt}(g\{$ (3.37)$\tilde{P}(\frac{\partial L^{*}}{\partial\overline{\Pi}}),$ $R(e_{3})]g^{-1})=0$
. , $g[ \tilde{P}(\frac{\partial L^{*}}{\partial\overline{\Pi}}),$ $R(e_{3})]g$-1 .
2 – (3.30) ,
. , SO(3)- ,
- $T(M_{1}/SO(3))\oplus\tilde{\mathcal{G}}_{1}$ (3.36)
. , 9 $[ \tilde{P}(\frac{\partial L^{*}}{\partial\overline{\Pi}}),$ $R$ (e3)] $g^{-1}$ .
$N$
$L^{*}( \zeta,\dot{\zeta}, \Pi)\sim=\frac{1}{2}\sum_{\alpha}(\dot{\zeta}^{\alpha})^{2}+\frac{1}{4}\rho(\zeta)\langle\sim\Pi,$ $\Pi)\sim-V_{1}(\zeta)$ (3.38)
$5\wedge$ . , $\rho(\zeta)=\sum_{\alpha}(\zeta^{\alpha})^{2}$ . , ,







. , $g[ \tilde{P}(\frac{\partial L^{*}}{\partial\overline{\Pi}}),$ $R(e_{3})]g$-1
$g[ \tilde{P}(\frac{\partial L^{*}}{\partial\Pi\sim}),$ $R(e_{3})]g^{-1}= \frac{1}{2}g[RP(\rho(\zeta)\overline{\Omega}\mathrm{x}e_{3})$ , $R(e_{3})]g^{-1}$
$=- \frac{1}{2}R(g\overline{M})$ (3.40)
. ,
$\overline{M}:=\rho(\zeta)$ P$(\overline{\Omega})=\rho(\zeta)$ e3 $\cross(\overline{\Omega}\mathrm{x}e_{3})$ (3.41)




, SO (3) .
4.1
$T\dot{M}$ $(q, g,\dot{q}, \Pi)$ . $L(q\sim, q., \Pi)$
, $(\dot{q}, \Pi)$ $(p, \mathcal{M})$
$p_{\alpha}= \frac{\partial L}{\partial\dot{q}^{\alpha}}$ , $\mathcal{M}=2\frac{\partial L}{\partial\square }$ (4.1)
. , $(q, g,p, \mathcal{M})$ $T^{*}\dot{M}$ . ,
$H$





$\delta$q(t$i$ ) $=0$ , $\delta$g(ti) $=0$ , $\delta$p(ti) $=0$ , $\delta \mathcal{M}(ti)=0$ , $i=1,2$ (4.3)
$\int_{t_{1}}^{t_{2}}$ ($\sum_{\alpha}p_{\alpha}\frac{dq^{\alpha}}{dt}+\frac{1}{2}\langle \mathcal{M}, \square \rangle-H(q, g,p, \mathcal{M})$) $dt=0$ (4.4)
,
$\dot{q}^{\alpha}=\frac{\partial H}{\partial p_{\alpha}}$ , $\Pi=2\frac{\partial H}{\partial \mathcal{M}}$ , (4.5a)
$\dot{p}_{\alpha}+\frac{\partial H}{\partial q^{\alpha}}=\frac{1}{2}\{\mathcal{M}$ , $\sum_{\beta}K_{\alpha\beta}\frac{\partial H}{\partial p_{\beta}}\succ\frac{1}{2}\langle \mathcal{M}$ , $[2 \frac{\partial H}{\partial \mathcal{M}},$ $\Lambda_{\alpha}]\rangle$
$+ \frac{1}{2}\{g^{-1}\frac{\partial H}{\partial g}-(\frac{\partial H}{\partial g})^{T}g,$ $\Lambda_{\alpha}\}$ , (4.5b)
$\dot{\mathcal{M}}=[\mathcal{M}$ , $2 \frac{\partial H}{\partial \mathcal{M}}]-\sum_{\beta}[\mathcal{M}, \Lambda_{\beta}]\frac{\partial H}{\partial p_{\alpha}}-(g^{-1}\frac{\partial H}{\partial g}-(\frac{\partial H}{\partial g})^{T}g)$ (4.5c)
.
, $H$ SO(3)- :
$H(q, hg,p, \mathcal{M})=H(q, g,p, \mathcal{M})$ , $\forall h\in SO(3)$ . (4.6)
, , $\mathcal{M}$ .
$h=e^{t\eta}$ $t=0$ ,
$\frac{d}{dt}$H$(q, e^{t\eta}g,p, \mathcal{M})|_{t=0}=\langle\frac{\partial H}{\partial g},$ $\eta$g $\rangle=\frac{1}{2}\{\frac{\partial H}{\partial g}g^{-1}-g(\frac{\partial H}{\partial g})^{T},$ $\eta\}=0$ (4.7)
. , $\eta\in s\mathrm{o}(3)$ , SO(3)-
,
$g^{-1} \frac{\partial H}{\partial g}-(\frac{\partial H}{\partial g})^{T}g=0$ (4.8)
. , $H$ ,
$T^{*}\dot{M}/SO(3)\underline{\simeq}T^{*}(\dot{M}/SO(3))\oplus\tilde{\mathcal{G}}^{*}$ (4.9)
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$H^{*}(q,p, \mathcal{M})$ . , ,
$\tilde{\mathcal{G}}^{*}$
$\mathcal{G}^{*}\cong \mathrm{s}\mathrm{o}(3)$
$\tilde{\mathcal{G}}^{*}:=\dot{M}\mathrm{x}_{SO(3)}\mathcal{G}$ * . , (4.5) , (4.8)
, $T^{*}(\dot{M}/SO(3))\oplus\tilde{\mathcal{G}}^{*}$
(4.10b)
$\dot{q}^{\alpha}=\frac{\partial H^{*}}{\partial p_{\alpha}}$ , $\Pi=2\frac{\partial H^{*}}{\partial \mathcal{M}}$ , (4.10a)
$\dot{p}_{\alpha}+\frac{\partial H^{*}}{\partial q^{\alpha}}=\frac{1}{2}\{\mathcal{M}$ , $\sum_{\beta}K_{\alpha\beta}\frac{\partial H^{*}}{\partial p_{\beta}}\}-\frac{1}{2}\langle \mathcal{M}$ , $[2 \frac{\partial H^{*}}{\partial \mathcal{M}},$ $\Lambda_{\alpha}]\rangle\dot{\prime}$
$\dot{\mathcal{M}}=[\mathcal{M}$ , $2 \frac{\partial H^{*}}{\partial \mathcal{M}}]-\sum_{\beta}[\mathcal{M}, \Lambda_{\beta}]\frac{\partial H^{*}}{\partial p_{\alpha}}$ (4.10c)




. , SO(3\succ ,
$T^{*}(\dot{M}/SO(3))\oplus\tilde{\mathcal{G}}^{*}$ (4.10) . , $g\mathcal{M}g$-1
.
SO(3)-
$H^{*}(q,p, \mathcal{M})=\frac{1}{2}\sum_{\alpha,\beta}a^{\alpha\beta}p_{\alpha}p_{\beta}+\frac{1}{4}\langle \mathcal{M}$ , $\tilde{A}^{-1}\mathcal{M}\rangle+V(q)$ (4.12)




a0$\beta$p$\beta$ , $\pi=A^{-1}M$ , (4.14a)
$\dot{p}_{\alpha}-\sum_{\beta,\gamma,\mu}$
af3prZ $p,p_{\beta}+ \frac{\partial V}{\partial q^{\alpha}}$
$= \sum_{\beta,\gamma}M\cdot\kappa$0
$\beta^{a^{\beta\gamma}}p,$ $- \frac{1}{2}M$ . ( $\frac{\partial A^{-1}}{\partial q^{\alpha}}-$ [A$\alpha$ ’ $A^{-1}$]) $M$ , (4.14b)
$\frac{dM}{dt}-\sum_{\alpha,\beta}a^{\alpha\beta}p_{\alpha}\lambda_{\beta}\mathrm{x}M=M\mathrm{x}A^{-1}M$ (4.14c)




$TM_{1}$ $(\zeta, u,\dot{\zeta}, \Pi)\sim$ . $L(\zeta, u,\dot{\zeta}, \Pi)\sim$
, $((.\cdot, \Pi-)$ $(\varpi, \mathcal{M}-)$
$\varpi_{\alpha}=\frac{\partial L}{\partial\dot{\zeta}^{\alpha}}$ , $\overline{\mathcal{M}}=2\frac{\partial L}{\partial\Pi\sim}$ (4.15)
. , $(\zeta, u, \varpi,\overline{\mathcal{M}})$ $T^{*}M_{1}$ . ,
$H$
$H( \zeta, u, \varpi,\overline{\mathcal{M}})=\sum_{\alpha}\varpi_{\alpha}\dot{\zeta}^{\alpha}+\frac{1}{2}\langle\overline{\mathcal{M}}$, $\Pi\rangle\sim-L(\zeta, u,\dot{\zeta},\tilde{\Pi})$ (4.16)
. , ,
(4.17c)






$-[\tilde{P}(\overline{\mathcal{M}}),\tilde{\xi}]+R$ $( \tilde{g}^{-1}\frac{\partial H}{\partial u}))=0$,
$[\tilde{P}(\overline{\mathcal{M}}),$ $2 \frac{\partial H}{\partial\overline{\mathcal{M}}}]=0$ $(4.17\mathrm{d})$
.
, $H$ SO(3)- T :
$H(\zeta, e^{tR(a)}u, \varpi,\overline{\mathcal{M}})=H(\zeta, u, \varpi,\overline{\mathcal{M}})$ for all $R(a)\in so(3)$ . (4.18)
, $\tilde{\Pi}$ , $\overline{\mathcal{M}}$ .
$t=0$ ,
$\frac{d}{dt}$H$( \zeta, e^{tR(a)}u, \varpi,\overline{\mathcal{M}})|_{t=0}=R(a)u\cdot\frac{\partial H}{\partial u}=a((u\mathrm{x}\frac{\partial H}{\partial u})=0$ (4.19)
, $a\in \mathrm{R}^{3}$ ,
$u \mathrm{x}\frac{\partial H}{\partial u}=\tilde{g}(e_{3}\mathrm{x}\tilde{g}^{-1}\frac{\partial H}{\partial u})=0$ . (4.20)
, SO(3)- ,
$P( \tilde{g}^{-1}\frac{\partial H}{\partial u})=0$ (4.21)
$\mathit{2}’\mathit{2}4$
. , $H$ ,
$T^{*}$M1/SO(3) $\cong T^{*}(M_{1}/SO(3))\oplus\tilde{\mathcal{G}}_{1}^{*}$ (4.22)
$H^{*}$ $(\zeta, \varpi,\tilde{\Pi})$ . , $\tilde{\mathcal{G}}_{1}^{*}$ $M_{1}/SO$ (3)
. , (4.17) , (4.21) , $T^{\mathrm{r}}(M_{1}/SO(3))\oplus\tilde{\mathcal{G}}_{1}^{*}$




$[\tilde{P}$ ( , $2 \frac{\partial H^{*}}{\partial\overline{\mathcal{M}}}]=0$ (4.23c)
. , ,
$\frac{d}{dt}(g\overline{\mathcal{M}}g^{-1})=0$ (4.24)
. , $g\overline{\mathcal{M}}g^{-1}$ .
4 (4.17) ,
. , SO(3)- , $\mathrm{I}\mathrm{o}_{\backslash }^{\neg}\backslash$
$T^{*}(M_{1}/SO(3))\oplus\overline{\mathcal{G}}_{1}^{*}$ (4.23) . , $g\overline{\mathcal{M}}g^{-1}$
.
$N$
$H^{*}( \zeta, \varpi, \mathcal{M})=\frac{1}{2}\sum_{\alpha}\varpi_{\alpha}^{2}+\frac{1}{4\rho(\zeta)}\langle \mathcal{M}, \mathcal{M}\rangle+V_{1}(\zeta)$ (4.25)
. ,
\mbox{\boldmath $\zeta$}.\mbox{\boldmath $\alpha$}=\mbox{\boldmath $\varpi$} ’ $\tilde{\Omega}\mathrm{x}e_{3}=\frac{1}{\rho(\zeta)}\overline{M}$, (4.26a)
$\dot{\varpi}_{\alpha}=\frac{(^{\alpha}}{\rho(\zeta)^{2}}|\overline{M}|^{2}.-\frac{\partial V_{1}}{\partial\zeta^{\alpha}}$ , $\frac{d}{dt}\overline{M}=P(\overline{M}\mathrm{x}\tilde{\Omega})$ (4.26b)





, 3 . $M/SO$ (3) $q=(q_{1}, q2, q_{3})$
$q_{1}=r_{1}$ , $q_{2}=r_{2}\cos\varphi$ , $q_{3}=r_{2}\sin\varphi$ (5.1)
. , $r_{1},$ $r_{2},$ $\varphi$
$r_{1}=||$r1, $r_{2}=||$ r2 $||$ , $\cos\varphi=\frac{r_{1}\cdot r_{2}}{||r_{1}||\cdot||r_{2}||}$ (5.2)
. , $\sigma(q)=$ ( $\sigma_{1}$ (q), $\sigma_{2}(q)$ )
$\sigma$ 1 $(q)=q_{1}e_{3}$ , $\sigma$2 $(q)=q_{2}e_{3}+q_{3}e_{1}$ (5.3)
. ,
$\{(q_{1}, q_{2}, q_{3})|q_{1}\geq 0, q_{3}\geq 0\}$ (5.4)
, $\sigma$ $M/SO$ (3) . $q_{1}=0$ 2
, $q_{3}=0$ , $q_{1}=q_{2}=q_{3}--0$
3 .





. , 3 T . \S 3
, $(q, g,\dot{q}, \pi)$ $T\dot{M}$ . $q_{3}arrow 0$
. $\mathrm{A}\backslash$ , $\psi$ . ,
$x=e^{\phi}$R(e$3$ ) $e$eR(e2) ( $q_{1}e_{3}$ , $q_{2}e_{3}+q_{3}\cos\psi e1+q3$ $\sin\psi$e2) (5. 7)
$q_{3}arrow 0$ , $TM_{1}$ $(\overline{q},\sim g, \overline{q}., \Omega\tilde)$ . ,





$.\cdot.’.-\cdot-$ . $\cdot$ .
$\{$ ... $.-.\backslash .\backslash .\backslash$







. (3.16a) , 3
$\frac{d}{dt}\dot{q}_{1}-\frac{q_{1}(q_{3}\dot{q}_{2}-q_{2}\dot{q}_{3})^{2}}{(q_{1}^{2}+q_{2}^{2}+q_{3}^{2})^{2}}+\frac{\partial V}{\partial q_{1}}=q_{1}(\pi_{1}^{2}+\pi_{2}^{2})+\frac{2q_{1}(q_{3}\dot{q}_{2}-q_{2}\dot{q}_{3})}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}}\pi_{2}$ , (5.9a)
$\frac{d}{dt}$ $.2- \frac{q_{2}\dot{q}_{3}-q_{3}\dot{q}_{2}}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}}(\frac{2(q_{3}\dot{q}_{1}-q_{1}\dot{q}_{3})}{q_{1}}+\frac{q_{2}(q_{2}\dot{q}_{3}-q_{3}\dot{q}_{2})}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}})+\frac{q_{1}^{2}+q_{3}^{2}}{q_{1}^{2}}\frac{\partial V}{\partial q_{2}}-\frac{q_{2}q_{3}}{q_{1}^{2}}\frac{\partial V}{\partial q_{3}}$
$=q_{2}( \pi_{1}^{2}+\pi_{2}^{2})+\frac{2q_{3}}{q_{1}^{2}}(q_{2}q_{3}(\pi_{1}^{2}-\pi_{3}^{2})+(q_{2}^{2}-q_{3}^{2})\pi_{1}\pi_{3})$
$-2 \pi_{2}(\frac{q_{3}\dot{q}_{1}-q_{1}\dot{q}_{3}}{q_{1}}+\frac{q_{2}(q_{2}\dot{q}_{3}-q_{3}\dot{q}_{2})}{q_{1}^{2}+q_{2}^{2}+q_{3}^{2}})’$. (5.9b)









, $q_{3}arrow 0$ , (5.10)
(5.11)$\mathrm{d}$ $((q_{1}^{2}+q_{2}^{2})(\begin{array}{l}\Omega_{1}\Omega_{2}0\end{array}))=(q_{1}^{2}+q_{2}^{2})(\begin{array}{l}\Omega_{2}\Omega_{3}-\Omega_{1}\Omega_{3}0\end{array})$
, (3.39b)
(5.12)$\frac{d}{dt}$ ( $(q_{1}^{1}+q\mathrm{b})$ $(\begin{array}{l}\Omega_{2}-\Omega_{1}0\end{array}))=(q_{1}^{2}+q\mathrm{H})(\begin{array}{l}-\Omega_{1}\Omega_{3}-\Omega_{2}\Omega_{3}0\end{array})$
. , (5.9) $q\mathrm{a}arrow 0$
$\frac{d}{dt}\dot{q}1+\frac{\partial V}{\partial q_{1}}|_{q}3=0$ $=q_{1}(\Omega_{1}^{2}+\Omega_{2}^{2})$ , (5.13a)
$\mathrm{e}_{\dot{q}},$
$+ \frac{\partial V}{\partial q_{2}}|_{q\mathrm{s}=}0$ $=q_{2}(\Omega_{1}^{2}+\Omega_{2}^{2})$ , (5.13b)
$\frac{q_{1}^{2}+q_{2}^{2}}{q_{1}^{2}}\frac{\partial V}{\partial q_{3}}|_{q}3=0$ $=- \frac{2q_{2}(q_{1}^{2}+q_{2}^{2})}{q_{1}^{2}}\Omega_{1}\Omega_{3}-\frac{2(q_{1}\dot{q}_{2}-q_{2}\dot{q}_{1})}{q_{1}}\Omega_{2}$ (5.13c)
. (5.13a) , (5.13b) , (3.39a)
. (5.13c) ,
$\frac{\partial V}{\partial q_{3}}|_{q_{3}=0}=0$ , $\Omega_{3}=0$ , $q_{1}\dot{q}_{2}-q_{2}\dot{q}_{1}=0$ (5.14)
. , $\frac{\partial V}{\partial q_{3}}|_{q3}=0=0$











$T\dot{M}/SO(3)\cong T(\dot{M}/SO(3))\oplus\overline{\mathcal{G}}$ , $T\dot{M}$
- , $T(\dot{M}/SO(3))\oplus\tilde{\mathcal{G}}$
. , $\tilde{\mathcal{G}}=\mathrm{i}\mathrm{x}_{SO(3)}\mathcal{G}$ , $\mathcal{G}=\mathrm{s}\mathrm{o}(3)$ .
- $TM_{1}$ .
$TM_{1}/SO(3)\cong T(M_{1}/SO(3))\oplus\overline{\mathcal{G}}_{1}$ , $TM_{1}$
– , $T(M_{1}/SO(3))\oplus\tilde{\mathcal{G}}_{1}$
. , $\overline{\mathcal{G}}_{1}$ $M_{1}/SO$ (3) .
,





, $\tilde{\mathcal{G}}^{*}.=\dot{M}\mathrm{x}$ so(3) $\mathcal{G}^{*},$ $\mathcal{G}‘\cong \mathrm{s}\mathrm{o}(3)$ .
, $T^{*}M_{1}$ .
$T$“ $M_{1}/SO(3)\cong T^{*}(M_{1}/SO(3))\oplus\tilde{\mathcal{G}}_{1}^{*}$ , $T^{*}M_{1}$
, $T^{*}(M_{1}/SO(3))\oplus\tilde{\mathcal{G}}_{1}^{*}$
. , $\tilde{\mathcal{G}}_{1}^{*}$ $M_{1}/SO$ (3) .
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